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Talk Outline 

1. Hybrid MDPs 

a) Why needed? 

b) Why hybrid MDP planning crucial for RL? 

c) The SPUDD approach 
 

2. Symbolic Dynamic Programming 

a) Closed-form case and operations 

b) Data structures (XADD) 
 

3. Extensions 

 



Why Hybrid MDPs? 

ÅMany real-world problems have a continuous 
component of state,  action, or observations 

ïTime 

ïSpace and derivatives 

ÅPosition and angle 

Å±ŜƭƻŎƛǘȅΣ ŀŎŎŜƭŜǊŀǘƛƻƴΣ Χ 

ïResources 

ÅCǳŜƭΣ ŜƴŜǊƎȅΣ Χ 

ïExpected statistics 

ÅTraffic volume 

Å5ŜƴǎƛǘȅΣ ǎǇŜŜŘΣ Χ 



Hybrid MDPs: Why Crucial for RL? 

ÅMixed Discrete / Continuous RL  
ïState (and action, observation) space is  ́

 

ïModels help  
ÅE.g., control theory 

 

ïHow? 
ÅExploration 
ÅRelevance 
ÅExploit structure 

 
ÅBut how to do planning / dynamic programming? 
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R 

SPUDD: Discrete Factored MDPs and DP 

ÅRepresent MDP using DBNs and decision diagrams: 

 

 

 

 

 
 

ÅSPUDD (HSHB, 1999): factored value iteration 
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Symbolic Dynamic  
Programming (SDP) 

A solution to previous limitations: 

Ehsan Abbasnejad 
Zahra Zamani 

Karina Valdivia Delgado  
Leliane Nunes de Barros 

Cheng 
Fang 

Joint work with: 



Symbolic Dynamic Programming (SDP) 
requires a closed-form symbolic 

representation for DP computation: 

Answer: Piecewise Case Statement! 
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z = f (x; y) =

(
(x > 3) ^ (y · x) : x + y

(x · 3) _ (y > x) : x2 + xy3

Piecewise Functions (Cases) 

Quadratic 
constraints and 

value 

Linear 
constraints and 

value 

Linear 
constraints, 

constant value 

Constraint Value 

Partition 



Case Operations: Ä, Ã 

(
Á1 : f 1

Á2 : f 2

©
(

Ã1 : g1

Ã2 : g2

= ? 



(
Á1 : f 1

Á2 : f 2

©
(

Ã1 : g1

Ã2 : g2

=

8
>>><
>>>:

Á1 ^ Ã1 : f 1 + g1

Á1 ^ Ã2 : f 1 + g2

Á2 ^ Ã1 : f 2 + g1

Á2 ^ Ã2 : f 2 + g2

Case Operations: Ä, Ã 

ÅSimilarly for Ã 
ïExpressions trivially closed under +, * 

 

ÅWhat about max? 
ïmax(f1, g1) not pure arithmetic expression L 



max

Ã (
Á1 : f 1

Á2 : f 2

;

(
Ã1 : g1

Ã2 : g2

!
=

Case Operations: max 

? 



max

Ã (
Á1 : f 1

Á2 : f 2

;

(
Ã1 : g1

Ã2 : g2

!
=

8
>>>>>>>>>>>>><
>>>>>>>>>>>>>:

Á1 ^ Ã1 ^ f 1 > g1 : f 1

Á1 ^ Ã1 ^ f 1 · g1 : g1

Á1 ^ Ã2 ^ f 1 > g2 : f 1

Á1 ^ Ã2 ^ f 1 · g2 : g2

Á2 ^ Ã1 ^ f 2 > g1 : f 2

Á2 ^ Ã1 ^ f 2 · g1 : g1

Á2 ^ Ã2 ^ f 2 > g2 : f 2

Á2 ^ Ã2 ^ f 2 · g2 : g2

Case Operations: max 

Key point: still in 
case form! 

{ƛȊŜ ōƭƻǿǳǇΚ  ²ŜΩƭƭ 
ƎŜǘ ǘƻ ǘƘŀǘΧ 



All Case Ops for Dynamic Programming? 

Å Value Iteration for hÍ0..H 
 

ï Regression step: 
 
 
 
 

ï Maximization step: 
 

 
ï Almost there: we need to define äōΩ and ñȄΩ 
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SDP Regression Step 
 

ÅBinary variable ä 
  

ïAs done in SPUDD: Hoey et al, UAI-99 

 

 

 
 

X

bi 2 f 0;1g

f (~b;~x) = f (~b;~x)jbi = 1 © f (~b;~x)jbi = 0
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Á1 ^ b1 : f 1

Á1 ^ : b1 : f 2

: Á1 : f 3

(
Á1 : f 1

: Á1 : f 3

(
Á1 : f 2

: Á1 : f 3



 

ωContinuous variables xj, assume det. transitions 
 

ς                                             triggers symbolic substitution 

 

SDP Continuous Regression Step 

 

ïe.g.,                                                           

 
 

 

 

ïIf g is case: need conditional substitution 

Åsee Sanner, Delgado, Barros (UAI 2011) 
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Å Value Iteration for hÍ0..H 
 

ï Regression step: 

 

 

 

ï Maximization step: 

Vh+ 1 = max
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In theory 

Exact for any 
reward, 

discrete noise 
transition 
dynamics! 



Data Structures for  
Continuous Planning 

 
Case ­ XADD 

SDP needs an efficient data structure for 

ω compact, minimal case representation 

ω efficient case operations 



BDD / ADDs 

Quick Introduction 



Function Representation (Tables) 

ÅHow to represent 
functions: Bn ­ R? 

 

ÅHow about a fully 
ŜƴǳƳŜǊŀǘŜŘ ǘŀōƭŜΧ 

 

ÅΧhYΣ ōǳǘ Ŏŀƴ ǿŜ ōŜ 
more compact? 

a b c F(a,b,c) 

0 0 0 0.00 

0 0 1 0.00 

0 1 0 0.00 

0 1 1 1.00 

1 0 0 0.00 

1 0 1 1.00 

1 1 0 0.00 

1 1 1 1.00 



Function Representation (Trees) 

ÅHow about a tree?  Sure, can simplify. 

a b c F(a,b,c) 

0 0 0 0.00 

0 0 1 0.00 

0 1 0 0.00 

0 1 1 1.00 

1 0 0 0.00 

1 0 1 1.00 

1 1 0 0.00 

1 1 1 1.00 

a 

b c 

c 1 0 

1 0 

0 

Context-specific 
independence! 



Algebraic 
Decision 
Diagram 
(ADD) 

Function Representation (ADDs) 

ÅWhy not a directed acyclic graph (DAG)? 

a b c F(a,b,c) 

0 0 0 0.00 

0 0 1 0.00 

0 1 0 0.00 

0 1 1 1.00 

1 0 0 0.00 

1 0 1 1.00 

1 1 0 0.00 

1 1 1 1.00 

a 

b c 

c 1 0 

1 0 

0 

Think of BDDs as {0,1}  
subset of ADD range 



Case ­ XADD 
 
 

Efficient XADD data structure for cases 
ω strict ordering of atomic inequality tests 
 
Č compact, minimal case representation 
Č efficient case operations 

XADD = continuous variable extension  
              of algebraic decision diagram 



V =

8
>>>>>>>><
>>>>>>>>:

x1 + k > 100 ^ x2 + k > 100 : 0

x1 + k > 100 ^ x2 + k · 100 : x2

x1 + k · 100 ^ x2 + k > 100 : x1

x1 + x2 + k > 100 ^ x1 + k · 100 ^ x2 + k · 100 ^ x2 > x1 : x2

x1 + x2 + k > 100 ^ x1 + k · 100 ^ x2 + k · 100 ^ x2 · x1 : x1

x1 + x2 + k · 100 : x1 + x2

XADDs 
ÅExtended ADD representation of case statements 

 



XADD Maximization 

y > 0 

y 

max(                    ,                  )   = 

y > 0 

x 

x > 0 x > 0 

x > y 

y 

x > 0 

x x y 

May introduce new 
decision tests 



Maintaining XADD Orderings I 

ÅMax may get variables out of order 

Decision 
ordering 
(root­leaf) 

ω x > y 

ω y > 0 

ω x > 0 

y > 0 

y 

max(                  ,                   )  = x > 0 

x x y 

y > 0 

x 

x > 0 x > 0 

x > y 

y 
Newly introduced  

node is out of order! 



Maintaining XADD Orderings II 

ÅSubstitution may get vars out of order 

Decision 
ordering 
(root­leaf): 

ω x > y 

ω y > 0 

ω x > z 

y > 0 

x > z x > z 

z x y x 

= 

s={ z/y } y > 0 

x > y x > y 

y x y x 

Substituted nodes are 
now out of order! 



Correcting XADD Ordering 

ÅObtain ordered XADD from unordered XADD 

ïkey idea: binary operations maintain orderings 

 

z 

ID1 ID0 

z is out of order 

Ä 
ID1 
Ã z 

1 0 
ID0 

Ã z 

0 1 

result will have z in order! 

Inductively assume ID1 
and ID0 are ordered. 

All operands ordered, so 
applying Ã, Ä produces 

ordered result! 



XADD Pruning 

y > 0 

x 

x > 0 

y 

Node unreachable ς 
x + y < 0 always false if 

x > 0 & y > 0 

x + y < 0 

x + y 

y 

y > 0 

x > 0 

x + y 

If linear, can detect with 
feasibility checker of LP 

solver & prune 

Similar to Penberthy & Weld, AAAI-94 



Take-home point:  
SDP impossible without XADD 

How well does it work? 



Results: XADD Pruning vs. No Pruning 

Summary: 
  

ω without pruning: superlinear vs. horizon 
  

ω with pruning: linear vs. horizon 
  

Worth the effort to prune! 



Exact 3D Value Functions 

Exact value functions in case form: 
  

ω linear & nonlinear piecewise boundaries! 
  

ω nonlinear function surfaces! 

Knapsack Mars Rover Linear Mars Rover Nonlinear 



Continuous Actions 

ÅInventory control 
ïReorder based on stock,  

future demand 

ïAction:  

 

ÅNeed max D  in Bellman backup 
 

 

 
ÅTrack maximizing D substitutions to recover p 

Vh+ 1 = max
a2 A

max
~¢

Qh+ 1
a (~b;~x; ~¢ )

a(~¢ ); ~¢ 2 Rjaj



Max-out Case Operation 

Åmax x case(x) can be done partition-wise 
ïIn a single case partition 
Χmax w.r.t. critical points 

 

ÅDerive LB, UB in case form 

ÅDerivative Der0 in case form 

 

Åmax( case(x/LB),  
         case(x/UB),  
         case(x/Der0) ) 

 

ïCan even track substitutions 
to recover optimal policy 

UBLB @Qh
a

@~¢
= 0

See AAAI 2012 
(Zamni, Sanner, Fang) 

for details 

First exact solutions 
to multivariate 

inventory in 50 years! 



Illustrative Value and Policy 

Reward 

x 

y 

V1 

V2 

Value (Policy) 



Open problems  
(some work in progress) 



Nonlinearity and Continuous Actions 

ÅRobotics 

ïNeed nonlinear cos, sin 

ïCan use cubic spline  

 

ÅGeneral path planning 

ïNot obvious, but 
requires bilinear 
constraints for 
obstacle specification 

 x 

y 

h=1 

h=2 


